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Abstract 

In the paper "Fundamental solutions of generalized bi-axially symmetric Helmholtz equation" 
(Complex Variables and Elliptic Equations, 52 (8), 2007, 673-683), fundamental solutions of general- 
ized bi-axially symmetric Helmholtz equation (GBSHE) 

H^g (u) = u xx + u yy + —u x + —u y — A 2 u = 0, < 2q, 2/3 < 1, a, (3, A = const, 
x y 

were constructed in i?J = {(x,y) : x > 0,y > 0} . In the present paper (in case of A = 0) using the 
constructed fundamental solutions, a double layer potentials are defined and investigated. Limiting 
theorems are proved, and integral equations concerning a denseness of potentials of a double layer 
are found. 

MSC: Primary 35J15, 35J70. 

Key Words and Phrases: Singular partial differential equation; Generalized bi-axially symmet- 
ric equation; Degenerated Elliptic Equations; Generalized axisymmetric potentials; A double layer 
potentials. 



H a,f3 ( u ) = u xx + Uyy + ^-u x + —u y - X 2 u = 0, (^i/ 3 ) 



1 Introduction 

In the monograph of Gilbert [1], by applying a method of complex analysis, integral representation of 
solutions of the generalized bi-axially Helmholtz equation (GBSHE) 

2a 2(3 

— u x H " 

x y 

where < 2a, 2(3 < 1, a, (3, A are constants, are constructed through analytic functions. When A = 
this equation is known as the equation of generalized axially symmetric potential theory (GASPT). This 
name is due to Weinstein, who first considered fractional dimensional space in potential theory [2, 3]. The 
special case where A = has also been investigated by Erdelyi [4, 5], Gilbert [6-12], Ranger [13], Henrici 
[14, 16]. There are many works [17-29] in which some problems for the equation p were studied. In 
the paper [33] fundamental solutions of the equation p are constructed. In case of A = fundamental 
solutions look like 

<?i {x,y,x Q ,y ) = h (r 2 ) F 2 {a + (3; a, (3; 2a, 2(3;^, r]) , (1.1) 
92 (x, y, x , yo) = k 2 (r 2 )*- - 1 x^ 2a xl~ 2a F 2 (1 - a + (3; 1 - a, ft 2 - 2a, 2(3; £, v ) , (1.2) 
q 3 (x, y; x , y ) = k 3 (r 2 )^^ 1 y 1 - 20 yl~ 20 F 2 (1 + a - (3; a, 1 - (3; 2a, 2 - 2(3; £, 77) , (1.3) 
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q 4 (x, y; x , yo) = h (r 2 )" +/3 2 x^ 2a y 1 ^ x\- 2a y\- 2Si F 2 (2 - a - /3; 1 - a, 1 - /3; 2 - 2a, 2 - 2/3; r?) , 

(1.4) 



where 



fci 



2 2a+2/3 p (a) p (/3) r (« + /?) 



4tt r (2a) T (2/3) 

_ 2 2 - 2 «+ 2 ^ r (1 - a) r (/3) r (1 - a + /3) 
~ 4^ r (2 - 2a) T (2/3) ' 

_ 2 2+2 »- 2 ' 3 r (a) r (l - p) r (1 + a - /3) 

4tt T (2a) T (2 - 2/3) 

2 4-2a-2/3 r (1 - a) r (1 - /3) r (2 - a - /3) 



47T 



T (2 - 2a) T (2 - 2/3) 



r 2 
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+ Xq 
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y - yo 
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J 




V + / 



r 2 - rf _ r 2 - r\ 



^2 (a;bi,b 2 ;ci,c 2 ;x,y) = ^ - Trl — — ^ , , x y 



m,n— 



{c 1 ) m {c 2 ) n m\n\ 



(1.5) 
(1.6) 
(1.7) 
(1.8) 

(1.9) 
(1.10) 



F 2 (a; &i, 6 2 ; ci, c 2 ; x, y) is a hypergeometric function of Appell ([31], p. 219 (7); [32], p. 14, (12)) and 
(a) n = r (a + n) /T (a) is symbol of Pochhammer ([31], p. 69; [32], p. 1, (2)). Fundamental solutions 
(1.1) - (1.4) possess the following properties: 



2« d 1i {x,y,x ,yo) 



0, y 



2fj^i]J^ 1 m^o 1 yo)_ 



x=0 



dx 

q2{x,y;xa,ya)\ x=Q = Q, y 213 



dy 

dq 2 (x,y;x ,y ) 



y=0 



dy 



= 0, 



y=0 



X 



2<» 



dq 3 (x,y;x ,y ) 



dx 



0, q 3 (x,y;x ,y )\ = 0, 



x=0 



(1.11) 

(1.12) 

(1.13) 
(1.14) 



<? 4 {x,y;x ,yo)\ x=0 = 0, <? 4 (z,2/;zo,yo)| y= o = 0. 

In this paper, using fundamental solutions (1.1) - (1.4) in the domain il C R\ = {(x,y) : x > 0, y > 0} 
a double layer potentials for the equation H®^ are investigated. 



2 Green's formula 

Let's consider identity 

x 2a y 2 ? [uHl p (v) vHl fj («)] = A [^^2/3 ^ _ ^ x)] + ^ ^2^2/3 ^ _ ^ (21) 

Integrating both parts of identity (2.1) on area ft C R\ = {(x,y) : x > 0, y > 0}, and using Green's 
formula, we find 

x 2 [uH% (v) - vH% («)] dxdy = /" x 2a y 2fi u (v x dy - « y dx) - x 2a y 2l3 v (u x dy - u y dx) , (2.2) 
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where S = dfl is a boundary of the domain £1. 

If u (x, y), v (x, y) are solutions of the equation H® ^ than from the formula (2.2) we have 



dv du 



where 



d dy d dx d dy , . dx . . 

^- = - "TIT' ^- = cos (n, a;) , — = - cos (n, y) , 

On ds ox ds oy ds ds 



(2.3) 



(2.4) 



n is exterior normal to a curve S. The following identity takes place also 

x 2a y 2 ? [u 2 x + u 2 ] dxdy = J x 2a y^u^-ds, (2.5) 

s 

where u (x, y) is a solution of the equation (i . If in the formula (2.3) to suppose v = 1, we have 

Jx 2 »y 2 ^ds = 0. (2.6) 

Integral from a normal derivative of a solution of the equation H® ^ with weight x 2a y 2 @ along the 
boundary S of the domain fl is equal to zero. 



3 A double layer potential (xQ,yo) 

Let Q C R\ = {(x, y) : x > 0, y > 0} be a domain bounded by intervals (0, a), (0, 6) of an axis OX, OY 
respectively, and a curve T with the extremities in points A(a,0), B(0,b). The parametrical equation 
of a curve T will be x = x{s) 1 y — y(s), where s the length of an arc counted from a point A(a, 0). 
Concerning a curve T we shall assume, that: 

(i) functions x = x (s) ,y = y (s) have continuous derivatives x' (s) , y' (s) on a segment [0, 1} , not converted 
simultaneously in zero; 

(ii) derivatives x" (s) , y" (s) satisfy to Hoelder condition on [0, 1] , where I length of a curve T; 

(iii) in a neighborhoods of points A (a, 0) and B (0, b) conditions 



dx 
ds 



< cy L+£ (s) 



dy 
ds 



< cx +£ (s) , < e < 1, c = const 



(3.1) 



are satisfied and a point (x, y) is a coordinate of a variable point on a curve T . Consider an integral, 
where \i\ (s) e C [0, I] 



(*o, yo ) = / * 2 vv (s) d ^ x 2 xo,yo) ds - 



(3.2) 



Integral (3.2) we call as a double layer potential with denseness fj,\ (s). 
Lemma 3.1. Identities 



(x , yo ) = Jx 2 ^ 



dqi {x,y;x 0l y ) 
dn 



ds = < 



-1, if (x Q ,y ) e 0, 
~2' ( x o,yo) e r, 
0, i/ (cc ,yo)€^ 



(3.3) 
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are true. 

Proof, (i). Let (xo,yo) £ 0- We shall cut out from the domain f2 a circle of small radius p with the 
center in a point (xo,yo) an d the remained part , we shall designate through Vt p . C p is a circuit of 
the cut out circle. A functional (a;, y; xq, yo) is a regular solution of the equation i?°,/3 m tne domain Q p . 
Using the formula of derivation of hypergeometric function Appcll ([32], p. 19, (20)) 

d m+n F 2 (a;b 1 ,b 2 ;c 1 ,c 2 ;x,y) {a) m+n (h) m (b 2 ) n 

a ma „ = 7 — \ — T^; F 2 a + m + n; fei + m, 6 2 + n; Ci + m, c 2 + rc; x, y) 

dx m dy n (ci) m (c 2 )„ 

(3.4) 



we have 



dqi{x,y;x ,y ) , 2 ._ a _ /3 _i 

— = -2 (a + p) fci (r ) (x - xo) F 2 (a + /3; a, /3; 2a, 2/3; f , r?) - 

-2 (a + /3) fci (r 2 ) Xo f 2 (a + /3 + 1; a + 1, /3; 2a + 1, 2/3; £, r?) 



(a (a + /3 + 1; a + 1, /3; 2a + 1, 2/3; £, r?) + 
2a 



By virtue of an adjacent relation ([32], p. 21) 

—xF 2 (a + 1; &i + l,6 2 ;ci + l,c 2 ;x,y) + —yF 2 (a + 1; 61,62 + l;ci,c 2 + l;x,y) 

ci c 2 (3.6) 

= F 2 (a+ l;b 1 ,b 2 ;c 1 ,c 2 ;x,y) - F 2 (a;b 1 ,b 2 ;c 1 ,c 2 ;x,y) , 
from (3.5), we define 

d qi (x,nx ,y Q ) = _ 2{a + /?) fciXQ (r2) F2 (a + + i; a + 2a + 1, 2/3; ^, r?) 
-2 (a + /3) fci (x - xo) (r 2 ) -°'-' 3 - 1 F 2 (a + /3 + 1; a, /3; 2a, 2/3; £, r?) . 
Similarly, we find 

9gl ( ^ ;X °^ o) = -2 (a + /3) k lVo (r 2 ) ^ F 2 (a + /3 + 1; a, 1 + /3; 2a, 1 + 2/3; „) 

dy (3.8) 

-2 (a + /3) fci (y - y ) (r 2 ) '"'^ F 2 (a + + 1; a, /3; 2a, 2/3; £, r?) . 
Then from (2.4) follows 

agi (x,y;x ,y ) , 2 ,- a -p d r 21 
^- = - (a + /3) fci (r z ) F 2 (a + /3 + 1; a, /3; 2a, 2/3; £, 77) — [In r z \ 

+2 (a + /3) k m (r 2 ) ~ a ~ /3 ~ 1 F 2 (a + /3 + 1; a, 1 + /3; 2a, 1 + 2/3; £, 77) (3.9) 



-2 (a + /3) fcix (r 2 ) f F 2 (a + /3 + 1; a + 1, /3; 2a + 1, 2/3; £, r?) 



Applying (2.6) and considering identity (1.11) we shall receive the formula 

«,« (x , yo ) = hm f^ ^'V^Vo) ^ (3 1Q) 

p^o j an 
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Substituting (3.9) into (3.10), we define 

{x , yo) 



= -(a + 0)k 1 lim / x 2a y 2f> (r 2 ) a P F 2 (1 + a + /3; a, /3; 2a, 2/3; £, 77) A [in r 2 ] ds 
p^o J an 

c P 

-2 (a + /3) fc!X lim / x 2a y 2 P (r 2 ) ~ a ~ ~ 1 F 2 (1 + a + f3; 1 + a, (3; 1 + 2a, 2/3; £, 77) 
c p 

+2 (a + (3) k lVo lim J x 2a y 2(3 ( r 2 )~ a_/3 ~ 1 F 2 (1 + a + (3; a, 1 + /3; 2a, 1 + 2/3; £, r?) 



(3.11) 

dx (s) , 
— -^-ds 

ds 



= - {a + /3) ki lim Ji (x , yo) - 2 (a + /3) fcix lim J 2 (x , yo) + 2 (a + /3) fciy lim J 3 (x , yo) • 

p— >0 p— >0 p^O 

Introducing polar coordinates x = x + p cos 93, y = y + psint^, we find 

Ji (x ,y ) = -2 (a + /3) fci lim / (x + pcosiys) 2 " (y + psintp) 2 ' 3 

p->oJ 


• (p 2 ) ~ a_/3 F 2 (1 + a + (3- a, /3; 2a, 2/3; £, r,, C) dp. 



we define 



x — 1 / \ ~ ~ ' y — 1 

where F (a, 6; c; x) is hypergeometric function of Gauss ([31], p. 69, (2)). Hence 

F 2 (l + a + /3;a,/3;2a,2/3;£,r/) 

= {p 2 ) a+P (p 2 + 4x1 + 4x 0/ 9 cos tp)~ a (p 2 + Ay 2 + 4y psin ip)~ P n , 



where 



p ^ _ C 1 + a + Z 3 )* f 4x o + 4x pcos y> \ ' / 4/y,- 4//,,/' sin p 



{2a) i (2/3^ V P 2 + 4t o + 4x oP cos tp J \ p 2 + 4y 2 + 4y p sin ip 

4xg + 4x pcos ip 
p 2 + 4xq + 4xo/fcos ip 
4yo +4y psin <p 



F ya — (3 — 1, a + i; 2a + i; 
F[f3-a-l,[3 + i;2(3 + i; 



p 2 + Ayl + Ay p sin ip 
Using value of hypergeometric function of Gauss ([31], p. 112, (46)) 

F (a, b; c; 1) - LMIlfZ^g , c ^ , -1, -2, Re (c - a - b) > 0, 
1 (c — a) 1 (c — b) 



(3.12) 



Using formulas ([30], p. 253, (26), [31], p. 113, (4)) 

F 2 {a;bi,b 2 ;c 1 ,c 2 ;x,y) 

A (a). (61). (60). . . (3.13) 
= E /\ \ N V* 1 (« + * A + i; ci + i; x) F (a + i, b 2 + i;c 2 + i; y) , 



F{a,b;c,x) = (1 - x) 6 F ( c - a, 6; c, — ) , (3.14) 



F 2 {a;bi,b 2 ;c!,c 2 ;x,y) 

■F ( ci — a, 6x + i; ci + i; — ) F ( c 2 - a, 6 2 + i; c 2 + i; ■ 



(3.16) 
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it is not complicated to calculate that 



limP 11 = ^ T{ -: )T { m r- (3.17) 



Thus, by virtue of equality (3.17) from (3.12) at p — > 0, we obtain 



(a + /3)fci lim Ji(# ,y ) = 1. (3.18) 

p^O 

Similarly, considering equalities lim plnp — 0, we define 

p^O 

2 (a + /3) fcia; lim J 2 (# , y ) = 2 (a + (3) kiy lim J 3 (x , yo) = 0. (3.19) 
p— >o p— >o 

Hence, by virtue of (3.18) and (3.19), from (3.11) at (x ,yo) G follows 

^ 1) (ar ,yo) = -l. (3.20) 

(ii) . Let (#o,yo) € r. We shall lead a circuit C p of small radius p with the center in a point (#o,J/o)- 
The remained part of a curve, we shall designate through T — Y p . Let's designate through C ' a part of 
a circuit C p laying inside of the domain f2. We shall consider domain ft p which is limited by a curve 
T — T p , C p and segments [0, a], [0, b] axes of coordinates. Then we have 

v,™ (#0, yo) = J x ^ d «^ X 2 X °' y0) ds = lim J x^ dq ^ X > y dn X °' ya) d S . (3.21) 
r-r p 

As the point (xo,yo) lays outside of domain Q p , then in this domain qi (x,y]x ,y ) is a regular solution 

of the equation£f° ^ and by virtue of (2.6) we have 

/d f d 

x2ay2(3 ~dn qi ^' m X ° iy °^ ds = x2ay2P ~d^ qi ^ v; XQl ds ' ( - 3 ' 22 ' ) 
r-r p ' ' c' p ' 

Substituting (3.22) in (3.21), we get 

«,W (x ,y ) = J x ^ d ^^y^ yo) ds = nmJxV dqi{x ^ yo) ds. (3.23) 

Similarly, introducing again polar coordinates with the center in a point (#0,2/0), we define 

(x ,y ) = ~. (3.24) 

(iii) . If (#o,yo) , then a function q\ (x, y; x ,y ) is a regular solution of the equation /3 . Hence, on 
the basis of the formula (2.6) 

1 

x2ay2r3 ~dn qi <yXl V: XQ,y ^ ds = °" ^' 2 ^ 



The lemma is proved. 

Lemma 3.2. The following identities are true: 



w[ 1] (#o,0) = { 



-1, if x e (0,a) , 
/ #0 =0, or x 
0, if a < xq. 



--, if # = 0, or x = a, (3.26) 



Proof, (i). Let Xo G (0, a). We lead a straight line yo — h (h is enough small number) and we consider 
domain flh which is the part of area laying above a straight line y — h . Applying the formula (2.6), 
we obtain 

r - . ,.ftn, (t ir -r„ fit 

dx, (3.27) 

y=h 



^( % 0) = limf,V^#^ 
h^oj dy 



where x\ (e) is an abscissa of a point intersection of a curve T from a straight line j/o — h. By virtue of 
(3.8) from (3.27), follows 



w [ l ] (a; , 0) = -2 (a + /?) fci lim h 1+2f) ( 

h^a J 



Xl F[a + + l,a;2a,- — — 

(a; - xo) + h z 



„2a 



(x - x ) + h 2 



Using the formula (3.14) of equality (3.28), we have 



xi 

vJp {x , 0) = -2 (a + (3) fci lim h 1+2f3 [ i 

h->0 J 



F \ a — (3 — I, a; 2a, 



4:XX(] 



(x + x Q y + h 2 



2 i /3+1 r 2 

(x — xo) + h 2 (x + x ) + h 2 



-dx. (3.29) 



Let's introduce a new variable of an integration x — x + ht , then 



F a — /3 — 1, a; 2a, 



w^ 1} (a; , 0) = -2 (a + /?) fci lim / (x + htf 



Ax (x + ht) 
(2x + ht) 2 + h 2 



(l + t 2 f +1 (2xo + htf + h 2 



-dt, (3.30) 



where 



By virtue of that 



x 



Xl - Xo 



ll -~T> 12 - h 



(3.31) 



r tp r 1 9 teojxo + ht) \ P , fl i o n r(2 a )r(l + /3) 
urn i 1 | a — p — 1, a; 2a, — ; — ^ — | = h (a — p — 1, a; 2a, 1) = 



h^0 



and 



then from (3.30) follows 



(2a;o + hty + h 2 

+ 00 

/ 



(a + (3) T (a + /3) T (a) : 



dt 



■kT(2(3) 



(l + t 2 f +1 2 2 ^(3T 2 (py 



w{ 1] (x ,0) = -1. 



(3.32) 



(ii). Let x = . Then from (3.31), we have h = 0, lim l 2 — x\/h = +oo . Hence, from (3.30) it is 

h^0 

similarly defined 



4 1] (0,0) = ~. 



(3.33) 



(iii). Let x = a . Then from (3.31) by virtue of a condition (3.1), we have lim l\ = — oo, lim l 2 

h— >0 h^0 

(xi — a) jh — 0. Hence, from (3.30) follows 



(a,0) = ~. 



(3.34) 
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(iv). Let a < xq. Then from (3.31) it is had lim l\ = — oo, lim I2 = (x\ — x ) /h= —00. Hence, from 
(3.30) follows 



w{ 1] (x o ,0)=Q. 



(3.35) 



Lemma is proved. 

Lemma 3.3. The following identities are fair 



w[ 1] (0,y ) 



1 



-1, if y e (0,6), 
, if Vo = or y = b, 



(3.36) 



0, if b < j/o . 
This lemma can be proved as lemma 3.2. 

Theorem 3.1. For any points (x,y) , (xo,yo) G R+ and x ^ x , y ^ yo the inequality is fair 



|gi {x,y,x ,yo)\ < h T 2r a + p\ ( r i) V2) F 
Proof. By virtue of identity (3.15), we have 



ot,P; a + 0; 1 - -J 1 - -o 



(3.37) 



qi(x,y ] x ,y ) = k 1 (r 2 1 ) (r 2 2 ) E (2a ) ( 2j g). jj 



i=0 



1-- 

r? 



1--* 



■F a - (3, a + i;2a + i; 1 



(3.38) 



The following inequalities take place 



F [ a - 0,a + i;2a + i;l - -5 } < 



F[/3-a,(3 + i;2/3 + i;l 



r(2a)r(/3) (2a) i 
r\) ^ r(a + /3)r(a)(a + /3) i 



F j8-a,^ + i;2 l 3 + i;l--j < 



r(2/3)r(q) (2/3), 

r> + /?)r(/?) (« + /?)/ 

Hence, from (3.38) we define to an inequality (3.37). The theorem is proved. From an inequality (3.37) 
on the basis of the formula ([31], p. 117, (12)) 

r (a + b) 



F (a, b;a + b; z) 
■ T(a + b) 

r 2 (a) r 2 (6) 



E 



r (a) r( & ) F(a ' M;1 - z)ln(1 - z) 

r(a + i)T(6 + i) 



[2il> (1 + j) - V (a + j) - ^ (6 + j)] (1 - z) J , 



— 7r < arg (1 — z) < 7T, a,b ^ 0, — 1, -2, ... 

follows that qi (x, y; x , yo) has a logarithmic singularity at r = 0. 

Theorem 3.2. If the curve T satisfies to conditions (3.1) the inequality takes place 

dqi {x,y;x ,y ) 



I 



x 2a y^ 



dn 



ds < d, 



(3.39) 



where C\ — const. The proof of the theorem 3.2 follows from lemmas 3.1-3.3. 

Theorem 3.3. If u 1 (t) e [0, I], for a double layer potential (3.2) the following limiting formulas take 
place 



wP (t) = -\m (i) + / mi (*) K x (s, t) ds, 



(3.40) 
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«4 1} (*) = (*) + y Mi (*) # i (*, t) ds, (3.41) 
o 

where 

K x {a, t) = x 2a (s) y 2 ? (s) d qi [x (s) ,y(s); x (t) , y (t)] /dn, (x (s) , j, (*)) , (x (t) , y (*)) G I\ 

and (t) , (i) are limiting values of a double layer potential (3.2) at (xq (i) , yo (t)) — > T from the 
inside and the outside, respectively. The proof of the theorem 3.3 follows from a lemma 3.1 and theorems 
3.1, 3.2. 



4 A double layer potential (xo,yo) 



Using the second fundamental solution (1.2) equation ^, we shall define a double layer potential by 
the formula 



(2)i > /" 2o28 , ,dq 2 {x,y;x ,y f) ) 
w ( ' (x ,yo) = / x za y Ap [i 2 (s) — ds, 



where /_t 2 (s) G C [0, Z]. 

Lemma 4.1. Takes place identities 



i( x o,Vo) - 1, «/ (zo,2/o) G 0, 
« (#0,2/0) - 2' */ ( x o,yo) e r, 
«(x ,y ), «/ (x ,yo)Gft, 



where 



(4.1) 



(4.2) 



i (xo, yo) = k 2 (1 - 2a) 4" 2q / y 2 ' 3 (r 2 )" 1 (r 2 ) " F ( a + - 1, 0; 20; 



dy. (4.3) 



£C = 



This lemma can be proved similarly as lemma 3.1. 

Theorem 4.1. For any points (x, y) , (x , yo) G -R+ and x 7^ x , y ^ yo the inequality is fair 



„l-2a„.l-2a 



1 - a,/3; 1 - a + /3; 1 



. T (2 - 2a) T (2/3) fc 2 x 1 -^^ 



Theorem 4.2. If the curve T satisfies to conditions (3.1), the inequality takes place 

dq 2 {x,y;x Q ,y ) 



1 - 



J* 



2a y 2/3 



dn 



ds < C 2 , 



where C 2 = const. The proof of theorems 4.1 and 4.2 follows from the formula 

dq 2 (x,y;x ,y ) 



dn 



(l-a + 0)k 2 (r 2 )" Si 1 (mo) 1 " 2 " F 2 (2 - a + 0; 1 - a,0; 2 - 2a, 20; £, 77) ^- [in r 2 l 

on 



-Ak 2 (r 2 )" * (ko) 1 " 2 " x F 2 (l-a + 0;l-a,0;2-2a, 20; £, n) 

2 va-0-l _ 2ct l-2a 



<fy (f) 

ds 



+k 2 (l-2a)(r 2 ) a P x- 2a x 1 a - 2a F 2 (l-a + 0;l-a 1 0;2-2a 1 20;tv) 

dx (s) 



dy(s) 

ds 



+4fc 2 (r 2 )" " 2 ( ? y ? yo) 1 "^yoF 2 (l- a + /3;l- a ,/3;2-2 a ,2/3;e,r ? ) 



a -2/3 



(4.4) 
(4.5) 



(4.6) 
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Theorem 4.3. If u 2 (s) £ [0, Z], for a double layer potential (4.1) the following limiting formulas take 
place 



wl 2) (t) = -i/i 2 (i) + J M2 (s) X 2 (s, t) <te, 
o 
j 

wf ] (*) = \[12 (t) + J M2 («) #2 (*, t) ds, 



(4.7) 



(4.8) 



where 



K 2 (s, t) = x 2a (s) y 2li (s) dq 2 [x (s) ,y(s); x a (t) , y (t)] /0n, (x (a) , </ («)) , (x (t) , y (t)) G T 

(2) (2) 

and to) (i), »e (i) are limiting values of a double layer potential (4.1) at (x (t) ,yo (tj) — > T from the 
inside and outside, respectively. The proof of the theorem 4.3 follows from a lemma 4.1 and theorems 
4.1, 4.2. 



5 A double layer potential (xo,yo) 

Using the third (1.3) equation H° p fundamental a solution, we shall define a double layer potential by 
the formula 



(5.1) 



where ^ 3 (s) G C [0, I]. 
Lemma 5.1. The identities 



(3) I \ 



f 2 2 pd q3 (x,y,x ,y ) ds=< 
J on 



j {xo,Vo) - 1, «/ (a>o,2/o) G ^, 

i («o,j/o) - 2' (^0,2/0) g r, 

j(x ,yo), «/ (zo,yo)Gft, 



(5.2) 



is true. Where 



a 

J (-0, yo) = h (1 - 2/3) j/r 2 ' 3 1 * 2 « (r 2 )^ 1 (r 2 )- 



F ( a + /3- l,a;2a; ■ 



„2 _2 



r? 



dx. (5.3) 



/=o 



The proof of this lemma to be spent just as the proof of a lemma 3.1. 

Theorem 5.1. For any points (x,y) , (x ,yo) G R\ and x ^ x , y ^ yo the inequality is fair 



r(2tt)r(2-2/?)fc 2 y^y 1 ^ 
\q 3 (x,y;x ,yo)\ < -^tttz - : — ^-^F 



r 2 (l + a -/3) (r 2 ) Q (r 2 2 ) 1 - r 



a, 1 - /?; 1 + a - /3; ( 1 - 4 V 1 - 4 



Theorem 5.2. If the curve T satisfies to conditions (3.1), the inequality takes place 

dq 3 (x,y;x a ,y ) 



I 



x 2a y 2 ? 



dn 



ds < C 3 , 



(5.4) 



(5.5) 
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where C 3 = const. The proof of theorems 5.1 and 5.2 follows from the formula 

dq 3 (x,y;x ,y ) 



dn 



= - (1 + a - /3) fc 3 (r 2 ) a+f3 1 (yyo) 1 -^ F 2 (2 + a - /3; a, 1 - /3; 2a, 2 - 2/3; £, r?) [in 



-4fc 3 (r 2 ) 



2 n -Q+/3-2 



«o (TOo) 1 2/3 ^2 (1 + a - (3; a, 1 - /?; 2a, 2 - 2/3; £, r?) 



cfy(s) 
ds 



dn 



(5.6) 



- (1 - 2/3) fc 3 (r 2 ) " Q+ ^ X IT 2 ^" 2 ^ (1 + a - 0; a, 1 - /?; 2a, 2 - 2/3; £, „) ^ 
+2 (1 + a - /3) k 3 (r 2 ) "" + ^ 2 (too) 1 ^ F 2 (2 + a - /3; a, 2 - /3; 2a, 3 - 2/3; £, n) 



dx (s) 
ds 



Theorem 5.3. If fi 3 (s) e [0, I] , for a double layer potential (5.1) the following limiting formulas take 
place 





(*) = -\m (*) + y M3 (*) ^3 (a, t) ^, 

z 

^ 3) (*) - ^3 (t) + J M3 («) #3 (*, t) ^, 



(5.7) 
(5.8) 



where 



K 3 (s, t) = x 2a (a) y 2/3 (s) 9g 3 [a (*) , y (*) ; x Q (i) , y (*)] /dn, (x (a) , y (a)) , (a* (t) , y (*)) G T 

and (t), (i) are limiting values of a double layer potential (5.1) at (x (t) ,yo (*))—► T from the 
inside and outside, respectively. The proof of the theorem 5.3 follows from a lemma 5.1 and theorems 
5.1, 5.2. 



6 A double layer potential (xo,yo) 

Using the fourth fundamental a solution (1.4) of the equation H ° ^ , we shall define a double layer 
potential by the formula 



w^(x ,yo)= I x^y 



(6.1) 



where ^4 (s) S C [0, Z]. 
Lemma 6.1. Identities 



«,« (x ,y )=Jx^ dq2{x > y > X0 > V0) 



dn 



ds = < 



k(x ,yo) - 1, «/ (zo,2/o) e 0, 

fe(^o,j/o)-2' (^0,2/0) er, 

k(x ,y Q ), if (x Q ,y )efl, 



(6.2) 



takes place, where 



a 

fc (xo, yo) = k, (1 - 2/3) ^^o^ / - (- 2 )^ 1 (r? ) a_1 F (. 



/3 — a, 1 — a; 2 — 2a; 



r\ - r 2 



dx 



+fc 4 (1 - 2a) x\- 2 -yl~^ I y (r 2 )- 1 (r 2 )^ 1 F [ a - /3, 1 - /3; 2 - 2/3; 



<Zy. 



2=0 



(6.3) 



11 



The proof of this lemma also to be spent just as the proof of a lemma 3.1. 

Theorem 6.1. For any points (x, y) , (xo, yo) <E R\ and i^io, y ^ yo the inequality is fair 

\q 2 {x,y;x Q ,y )\ 

Theorem 6.2. If the curve T satisfies to conditions (3.1), the inequality takes place 

<9g 4 (x,y;x ,y ) 



(6.4) 



/ 



9n 



ds<C 4l (6.5) 



r 

where C4 = const. The proof of theorems 6.1 and 6.2 follows from the formula 

dq 4 (x,y;xo,yo) , „w 2 \«+M / a-2a , a -2/3 
— = -fc 4 (2 - a - (3) (r ) (xx ) (yyo) 

■F 2 (3 - a - /3; 1 - a, 1 - /?; 2 - 2a, 2 - 2/3; £, 77) A [in r 2 ] 

+fc 4 (1 - 2a) (r 2 ) a+ "- 2 x-^xl 2a (yyo) 1 ^ 3 F 2 (2 - a - /3; 1 - a, 1 - /3; 2 - 2a, 2 - 2/3; £, „) ^ 

-fc 4 (1 - 2/3) (r 2 ) Q+ ^ 2 H) 1 - 2 " y- 2 ^r 2/3 F 2 (2 - a - /?; 1 - a, 1 - /3; 2 - 2a, 2 - 2/3; „) ^ 

-2fc 4 (2 - a - /3) (r 2 ) a+/3 - 3 a; 1 - 2 ** 2 - 2 " (too) 1 " 2 ' 3 F 2 (3 - a - /3; 2 - a, 1 - /3; 3 - 2a, 2 - 2/3; £, v) ^ 

+2fc 4 (2 - a - /3) (r 2 )" +/3 - 3 (xx,f- 2a y^y 2 ^ ' F 2 (3 - a - /3; 1 - a, 2 - /3; 2 - 2a, 3 - 2/3; £, r?) ^ 

(6 S 6) 

Theorem 6.3. If /i 4 (s) e [0, Z], for a double layer potential (6.1) the following limiting formulas take 
place 

1 

(t) = - i M4 (i) + y M4 («) X 4 (s, t) ds, (6.7) 


^ 4) (*) - ^4 (t) + J M4 («) *u (*, t) ds, (6.8) 


where 

K 4 (s, t) = x 2a (s) y 2fj (s) dq 4 [x (s) ,y(s); x a (i) , y (t)] /dn, (x (s) , y («)) , (x (t) , y (*)) G T 

and > (t) , wi 4) (t) are limiting values of a double layer potential (6.1) at (xo (t) ,yo(t)) — > T from the 
inside and outside, respectively. The proof of the theorem 6.3 follows from a lemma 6.1 and theorems 
6.1, 6.2. 

In the further, the studied theory of a double layer potentials will be used at solving of boundary value 
problems for the equation H% (i . 

Acknowledgements. I am grateful to Professor Robert P. Gilbert for the stimulation for studying 
this equation via his fundamental works on bi-axially symmetric equations. 
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